Let q be an odd prime power and n be a positive integer. Let ℓ ∈ Fqn [x] be a q-linearised t-scattered polynomial of linearized degree r. Let d = max{t, r} be an odd prime number. In this paper we show that under these assumptions it follows that ℓ = x. Our technique involves a Galois theoretical characterization of t-scattered polynomials combined with the classification of transitive subgroups of the general linear group over the finite field Fq.
Introduction
Scattered polynomials have risen a great deal of interest recently, due to their connections to Desarguesian spreads and maximal rank distance codes, which are used in the context of network coding. In fact, from a scattered polynomial one can construct scattered sets with respect to the Desarguesian spread (which are interesting objects in their own arising in finite geometry [5, 14] ) and in turn a maximal rank distance code for some parameters (see [15, 16] ). Scatteredness is an extremely rare condition for a polynomial [2, Section 1]; this suggests the possibility of classifying all exceptional t-scattered polynomials (see [1, 2] ). We recall below the definition of such objects. For a linearized polynomial r i=0 a i x q i with a r = 0, the linearized degree is the non-negative integer r.
Definition 1.1. Let q be a prime power, n, m be positive integers, t be a non-negative integer and ℓ be a q-linearised polynomial in F q n [x] of linearised degree r. Then ℓ is said to be (q, n, m, t)-scattered if, for any s 0 ∈ F q nm , the polynomial f − s 0 x q t has at most q roots. The non-negative integer t is called index of ℓ. If, fixed q, n and t, the polynomial ℓ is (q, n, m, t)-scattered for infinitely many m's, we say that ℓ is exceptional t-scattered.
For t = 0 exceptional t-scattered polynomials coincide with exceptional scattered polynomials, i.e. polynomials that are scattered for infinitely many extensions of the base field. On the other hand, if one finds a polynomial ℓ that is exceptional t-scattered, for t > 0, then one automatically finds infinitely many scattered polynomials (over different fields) as follows: for any m such that ℓ is t-scattered over F q nm , consider the polynomial ℓ(x q nm−t ). It is elementary to see [2, Section 1] that ℓ(x q nm−t ) is scattered over F q nm .
In this paper we consider the problem of classifying exceptional t-scattered polynomials. This question has already been studied in the literature, leading to classification results in the case t = 0 and t = 1 [1, 2] . Therefore, in the rest of the paper we simply restrict to the case t ≥ 1, which simplifies some of the proofs without impacting on the generality of the results. Our work contains two main results: first we provide a Galois theoretical characterization of exceptional t-scattered polynomials (Theorem 2.6); subsequently we use the latter to prove the following classification result. Theorem 1.2. Let q be an odd prime power and let t ≥ 1. Let ℓ be an exceptional tnormalized t-scattered polynomial of linearized degree r, and let d := max{r, t}. Suppose that d is an odd prime. Then ℓ = x.
The strategy of our proof is to exploit the full power of the classification of transitive subgroups of the general linear group [6, 9] via our Galois theoretical characterization. It is worth noticing that our approach describes a new, completely equivalent condition to exceptional scatteredness.
In order to classify exceptional scattered polynomials, it is enough to consider those in a canonical form, which we are about to recall. Remark 1.3. As noticed in [2, p. 511 ], if ℓ is (q, n, m, t)-scattered we can make the following assumptions without loss of generality:
• ℓ is monic;
• the coefficient of the term x q t of ℓ is zero;
• if t > 0 then the linear term of ℓ is non-zero.
In particular, notice that we can always assume that t differs from the linear degree of ℓ. Definition 1.4. A linearized polynomial satisfying the properties of Remark 1.3 will be called t-normalized.
A Galois theoretical characterization of t-normalized exceptional scattered polynomials
In this section we provide a Galois theoretical characterization of t-normalized exceptional scattered polynomials of positive index. We will use the notation and the terminology of [17] . We start by briefly recalling the setup and two auxiliary lemmata. Let K be a function field with constant field F q and let M be a Galois extension of K with constant field k (the field k is a finite extension of F q ). We denote by G arith := Gal(M/K) the arithmetic Galois group of the extension M/K. For every place P of K and every place R of M lying above P , the decomposition group D(R/P ) ⊆ G arith is the set of all automorphisms fixing R as a set. If k P and k R are the residue fields at P and R, respectively, there is a surjective map π R : D(R|P ) ։ Gal(k R /k P ) whose kernel, denoted by I(R|P ), is called inertia group. A Frobenius for R|P is any preimage, via π R , of the Frobenius automorphism u → u q of the extension of finite fields k R /k P . The geometric Galois group of the extension M/K is defined as G geom := Gal(M/k · K). This is a normal subgroup of G arith , and there is an isomorphism ϕ : G arith /G geom → Gal(k/F q ). Finally, for any m ≥ 1 we denote by M m and K m the composita M · F q m and K · F q m , respectively. The corresponding arithmetic and geometric Galois groups will be denoted by G arith Proof. This is an immediate consequence of Chebotarev density theorem for function fields, see for example [7, Remark 2.3] or [11] . Definition 2.2. Let M/K be a Galois extension of function fields. We call the smallest constant C such that the conclusion of Lemma 2.1 holds a uniformizing constant for M/K.
In other words, C is the smallest size of a finite field F q m 0 such that for every m ≥ m 0 , every element of G arith m that lies in the coset G geom m γ is the Frobenius of a finite, unramified place of K.
The following lemma is a classical fact from algebraic number theory, whose proof can be found for example in [8] . The above lemmata allows to convert splitting conditions of intermediate extension into group theoretical ones (see [12, 13] for more applications of these lemmata not related to exceptionality ).
A function field theoretical setup for scattered polynomials. Let ℓ ∈ F q n [x] be a q-linearized polynomial of linearized degree r ≥ 0 and such that the linear term of ℓ is non-zero. Let s be transcendental over F q and let t > 0. We will call d := max{r, t} the t-scatter-degree of f . Let M be the splitting field of ℓ − sx q t over F q n (s). For every m ≥ 1, we denote by M m the compositum M · F q nm and by G arith m := Gal(M m /F q nm (s)) the arithmetic Galois group of the extension M m /F q nm (s). The field of constants of such extension, which is defined as F q ∩ M m , will be denoted by k m . We denote by G geom m := Gal(M m /k m · F q (s)) the geometric Galois group. We will denote by ϕ m the isomorphism G arith m /G geom m → Gal(k m /F q nm ). Finally, we will denote by V the set of roots of ℓ − sx q t in an algebraic closure F q (s) of F q (s).
One can immediately deduce the following corollary from Lemma 2.3.
Corollary 2.4. Let t ≥ 1 and let ℓ be a linearized polynomial in t-normalized form. Let α be a root of ℓ/x − sx q t −1 and let L := F q nm (α). Let P be a place of F q nm (s) and Q be the set of places of L lying above P . Let R be a place of M m lying above P . Then the following hold:
(1) There is a natural bijection between Q and the set of orbits of V under the action of the decomposition group D(R|P ). Proof. Using Lemma 2.3, it is enough to observe that since ℓ is t-normalized, then the polynomial ℓ/x − sx q t −1 is separable and it is irreducible because gcd(ℓ/x,
With this notation, we are now ready to state and prove the Galois theoretical characterization of exceptional scattered polynomials, which will allow to encode scatteredness in group theoretical terms.
Theorem 2.6. Let ℓ ∈ F q n be a q-linearized polynomial of linearized degree r and in t-normalized form. Let t ≥ 1 be a positive integer. Let d be the t-scatter-degree of ℓ. Let C be a uniformizing constant for the extension M/F q n (s), and let m ≥ 1 be such that q mn > C. Then the following are equivalent:
(2) for every γ ∈ G arith m such that ϕ m (γ) is a Frobenius for k m /F q mn and every h ∈ G geom m , the following condition holds:
Moreover, ℓ is exceptional t-scattered if and only if there exists an m ≥ 1 such that q nm > C and ℓ is (q, n, m, t)-scattered.
(1) =⇒ (2) Let ℓ be (q, n, m, t)-scattered, and pick γ ∈ G arith m with ϕ m (γ) the Frobenius automorphism for k m /F q mn and any h ∈ G geom m . By Lemma 2.1, hγ is a Frobenius for a finite, unramified place of degree 1 of F q mn (s) which we will denote by P . The polynomial ℓ/x − s 0 x q t −1 , where s 0 is the value in F q corresponding to P , has at most q − 1 roots in F q mn . Hence there are at most q − 1 finite places of degree 1 of L m lying above P . Let V be the F q -vector space of roots of ℓ − sx q t , so that V \ {0} is the set of roots of ℓ/x − s 0 x q t −1 . By Corollary 2.4 it follows that the decomposition group D(R|P ) ⊆ G arith m has at most q − 1 fixed points when acting on V \ {0}. Since R|P is unramified, D(R|P ) is generated by hγ and therefore hγ has at most q −1 fixed points when acting on V \{0}. But this is equivalent to asking that hγ − Id has rank at least d − 1.
(2) =⇒ (1) Suppose by contradiction that ℓ is not (q, n, m, t)-scattered. Then there exists s 0 ∈ F q nm such that ℓ − s 0 x q t has at least q 2 − 1 non-zero roots in F q nm (notice in fact that if ℓ/x−s 0 x q t −1 has at least q roots, then it has at least q 2 −1 roots). Then there are at least q 2 − 1 finite places of degree 1 of L m lying above the place P s 0 of F q nm (s) corresponding to s 0 . Notice that these places are unramified in L m : if P s 0 ramifies in L m then ℓ − s 0 x q t has a multiple root. But this is impossible by assumption, because t > 0 and ℓ has a non-zero linear term, and therefore the derivative of ℓ − s 0 x q t is constant.
Hence all finite places of L m lying above P s 0 are unramified, and at least q 2 − 1 of them have degree 1. Fix a place R of M m lying above P s 0 . By Lemma 2.4, the decomposition group D(R|P s 0 ) has at least q 2 − 1 fixed points when acting on V \ {0}. Thus all elements of D(R|P s 0 ) enjoy the same property. Now notice that there is a surjective map D(R|P s 0 ) ։ Gal(k R /k Ps 0 ). Since P s 0 has degree 1 then the residue field k Ps 0 is F q mn , and it is a standard fact that k R is an extension of k m . Hence, there must exist γ ∈ D(R|P s 0 ) whose image via the aforementioned surjection is the Frobenius for k m /F q mn . It follows immediately that also ϕ m (γ) is the Frobenius for k m /F q mn . But then we have a contradiction with (2) because if γ acts on V \ {0} with at least q 2 − 1 fixed points, then rk(γ − Id) ≤ d − 2.
Finally, let us prove the last part of the statement. One direction is obvious. Thus, suppose m ≥ 1 is such that q nm > C and ℓ is (q, n, m, t)-scattered. Then condition (2) holds. Now for all the infinitely many y ∈ Z ≥1 that are coprime with [k m : F q nm ] we have that G arith m ∼ = G arith my and G geom m ∼ = G geom my , and therefore (2) holds for infinitely many y's. It follows that ℓ is exceptional t-scattered. 
Finite transitive linear groups in odd characteristic
In [9] , Hering classified all finite 2-transitive affine groups with abelian elementary socle (over finite fields). Looking at the stabilizer of a point, one can deduce the following classification theorem for finite transitive linear groups. Recall that if q is a prime power and a, b ≥ 1 we denote by ΓL a (F q b ) the general semilinear group, namely the semidirect
Theorem 3.1 ([10, Theorem 69.7]). Let p be an odd prime, n ∈ Z ≥1 and G be a subgroup of GL n (F p ) that acts transitively on F n p \ {0}. Then G satisfies one of the following. (1) SL e (F p n/e ) ≤ G ≤ ΓL e (F p n/e ) for some e | n;
(2) Sp e (F p n/e ) ≤ G ≤ ΓL e (F p n/e ) for some even e | n;
(3) n is even and (p, n) belongs to a finite list of sporadic pairs.
When d is prime, one can in turn deduce the following proposition. Proposition 3.2. Let q be an odd prime power, d be an odd prime, and G be a subgroup of GL d (F q ) that acts transitively on F d q \ {0}. Then G satisfies one of the following.
Proof. Let q = p a where p is a prime and a ≥ 1. Since GL d (F q ) ≤ GL ad (F p ) and the group G acts transitively on F ad p \{0}, we can apply Theorem 3.1 with n = ad and deduce that one of the following holds:
(I) SL e (F p ad/e ) ≤ G ≤ ΓL e (F p ad/e ) for some e | ad; (II) Sp e (F p ad/e ) ≤ G ≤ ΓL e (F p ad/e ) for some even e | ad; (III) ad is even and (p, n) belongs to a finite list of sporadic pairs. First, suppose that (I) holds for some e ≥ 3. We claim that e = d, which implies immediately that SL d (F q ) ≤ G ≤ GL d (F q ), since ΓL d (F q ) = GL d (F q ). Let us now split the proof into two cases.
Case 1: d | e. Since SL e (F p ad/e ) ≤ G and G ≤ GL d (F q ) by hypothesis, we must have that v p (|SL e (F p ad/e )|) ≤ v p (|GL d (F q )|), where v p is the usual p-adic valuation. However, a quick calculation shows that v p (|SL e (F p ad/e )|) = ad(e − 1)/2, while v p (|GL d (F q )|) = ad(d − 1)/2, forcing e = d.
Case 2: d ∤ e. Also in this case we have SL e (F p ad/e ) ≤ G and G ≤ GL d (F q ) by hypothesis. The condition d ∤ e and the fact that d is prime imply that e | a and (d, e) = 1. Let p := p a/e . Let r be a Zsigmondy prime for p d(e−1) − 1, i.e. a prime that divides p d(e−1) − 1 but does not divide p t − 1 for any 1 ≤ t < d(e − 1), whose existence is guaranteed by Zsigmondy's Theorem (see [3, Theorem V] ). It is immediate to check that r | |SL e (F p ad/e )| but r ∤ |GL d (F q )|, as et can't be a multiple of d(e − 1) for any t ≤ d, yielding a contradiction.
If (II) holds for some e ≥ 6, one argues in a totally analogous way. For e = 4, just notice that |Sp 4 (F p ad/4 )| = p ad (p ad/2 − 1)(p ad − 1). Looking at a Zsigmondy prime or p ad/2 − 1, one sees immediately that |Sp 4 (F p ad/4 )| cannot divide |GL d (F q )|.
Next, assume (I) holds for e = 2, which is the same as saying that (II) holds for e = 2 (as SL 2 (F Q ) = Sp 2 (F Q ) for any prime power Q). Since d is odd, a must be even. Let p := p a/2 . We claim that there is no embedding SL 2 (F p d ) ֒→ GL d (F p 2 ). Suppose by contradiction that there is one. Since both p and d are odd primes, SL 2 (F p d ) is perfect and [GL d (F p 2 ), GL d (F p 2 )] = SL d (F p 2 ). Hence, if such embedding exists then there exists also an embedding ι : SL 2 (F p d ) ֒→ SL d (F p 2 ). The group SL 2 (F p d ) contains an element σ of order p d + 1, which comes from a Singer cycle of GL 2 (F p d ). Now let r be a Zsigmondy prime for p 2d − 1. Clearly r | p d + 1. Hence, the cyclic subgroup generated by ι(σ) contains an element τ of order r. Since r is a Zsigmondy prime for p 2d − 1, one can check that the cyclic group H generated by τ acts irreducibly on F d p 2 . Hence, by Schur's Lemma and the fact that finite division rings are fields, the centralizer C(H) of H in GL d (F p 2 ) is the multiplicative group of a finite field of characteristic p. Since r | |C(H)|, then it must be |C(H)| = p 2d − 1; in other words C(H) arises from a Singer cycle. Thus its intersection with SL d (F p 2 ) has order ( p 2d − 1)/( p 2 − 1), which is not divisible by p d + 1. This gives a contradiction, so there is no such embedding and (I) cannot hold for e = 2.
Finally, the only transitive sporadic group that can appear as a subgroup of GL ad (F p ) with p, d odd primes is SL 2 (F 13 ), which is contained in GL 6 (F 3 ). This necessarily comes from the setting in which q = 9 and d = 3. But one can check with Magma [4] that SL 2 (F 13 ) does not embed in GL 3 (F 9 ), concluding the proof of the proposition.
Exceptional scattered polynomials of prime degree
The goal of this section is to prove Theorem 1.2. The proof relies on two fundamental ingredients: the Galois theoretical characterization of exceptional scattered polynomials given by Theorem 2.6 and the classification of finite transitive groups given by Proposition 3.2.
Let us recall the setup, which is the one explained in Section 2. Let ℓ ∈ F q n [x] be a q-linearized, exceptional t-normalized t-scattered polynomial of linearized degree r, and let t > 0. Let M be the splitting field of ℓ − sx q t over F q n (s); for every m ≥ 1 let M := M · F q nm (s), k m := F q ∩ M m and let G arith m := Gal(M m /F q nm (s)) and G geom m := Gal(M m /k m · F q n (s)). Finally, we let d := max{r, t} and V be the set of roots of ℓ − sx q t , which is an F q -vector space.
We begin by showing that in the setting of Theorem 1.2, there is a very restrictive condition on G arith m and G geom m . Lemma 4.1. Let t ≥ 2, n be an integer, q be a prime power and let ℓ ∈ F q n [x] be a q-linearized, exceptional t-normalized t-scattered polynomial of linearized degree r. Let M, G arith , G geom be defined as above. Assume that d := max{r, t} is an odd prime. Let C be the uniformizing constant for the extension M/F q n (s), and suppose m ≥ 1 is such that q nm > C and ℓ is (q, n, m, t)-scattered. Then |G geom
Proof. Before starting the proof, let us recall the following elementary facts, that will be helpful later on:
acts transitively on V \ {0}. Thus by Proposition 3.2 we only have two possibilities for G geom
As a first step of the proof, we will show that SL d (F q ) ≤ G geom m ≤ GL d (F q ) leads to a contradiction. In fact, suppose that such inclusion holds, and let γ ∈ G arith be a Frobenius for the field of constants k m of M m . Any element of the coset G geom m γ is a Frobenius for k m . Hence, up to multiplying on the left by an element of SL d (F q ), we can assume by (1) that γ has the form (λ i,j ) i,j=1,...,d where λ 1,1 = λ ∈ F * q , λ i,i = 1 for i > 1 and λ i,j = 0 otherwise. This can be seen by noticing that a splitting of the short exact sequence SL d (F q ) ֒→ GL d (F q ) ։ F * q is the map F * q ֒→ GL d (F q ) that sends each λ ∈ F * q to the matrix (λ i,j ) i,j described above. But then, rk(γ − Id) ≤ 1 < d − 1, contradicting Theorem 2.6.
Hence 
, and it is immediate to see that this is impossible because of (1). On the other hand, since d ≥ 3 and PSL d (F q ) is simple, the only non-trivial normal subgroups of SL d (F q ) are those contained in the intersection of SL d (F q ) with the center of GL d (F q ) (see [6] ). Thus if G geom m ∩ SL d (F q ) = SL d (F q ) then we have that, in particular, |SL d (F q ) ∩ G geom m | ≤ q − 1. Hence
which is a contradiction because d ≥ 3 and therefore |GL d (F q )| < (q d − 1)|GL d (F q )| (q − 1) 2 .
Proof of Theorem 1.2. Let C be the uniformizing constant for M/F q n (s). Since ℓ is exceptional t-scattered, there exists m ≥ 1 such that q mn > C and ℓ is (q, n, m, t)scattered. By Lemma 4.1 it follows immediately that the constant field of M m is k m = F q dnm and that the splitting field M m of ℓ−sx q t over F q dnm (s) is simply F q dnm (s)[x]/(ℓ/x− sx q t −1 ) because it contains one root and it has the correct degree. Notice that M m is isomorphic to the rational function field over F q dnm , and hence its places of degree 1 are in 1-1 correspondence with the F q dnm -rational points of the projective line. From now on, we will denote by P 0 and P ∞ the places of F q dnm (s) corresponding to 0 and to ∞, respectively. Similarly, we will denote by Q 0 and Q ∞ the places of M m corresponding to 0 and to ∞, respectively. Now we have to distinguish two cases, namely t < r and t > r. If t < r, then consider the place P ∞ . The only two places of M m that lie above P ∞ , are Q 0 and Q ∞ . It is immediate to check that the ramification index of Q 0 /P ∞ is (q r − 1) − (q t − 1) = q t (q r−t − 1). Since t > 0, it follows that this ramification index is divisible by q, and this is impossible since M m /F q dnm (s) is a Galois extension of degree q d − 1, which is coprime with q.
If t > r, we look at P 0 : the place Q ∞ lies above it and has ramification index q t − q r . If r > 0, this is divisible by q and we are led to a contradiction by the same argument we used in the case t < r. Therefore it must be r = 0, i.e. ℓ = x.
